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Plan of the seminar

e Bayesian Inversion

— Inverse Problems
— Bayesian technique
— (Not too) serious example

e Monte Carlo Technique

— Global Optimization
— Monte Carlo Sampling
(Markov Chain Monte Carlo)

e Examples

— Velocity tomography
— Estimation seismic sources
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Inverse Problems - Selected Topics

e Parameter estimation
e Error analysis

e Resolution analysis
e EXxperiment planning

e Model discrimination
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Inverse problem - Indirect Measurements

Solution

1d*** — d"(m)|| + A[lm™ — m"[| = min
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Inversion Algorithms

Method Advantages Limitations

Algebraic (LSQR) - Simplicity - Only linear problems
m™ = (GTG +~I)"'GT . 4 - Large scale problems - Lack of robustness
Optimization - Simplicity - Difficult error estimation

|G (m) — d°®®|| + A|lm) — m?|| = min - Fully nonlinear

Bayesian - Fully nonlinear - More complex theory

o(m) = f(m)L(m, d°") - Full error handling - Requires efficient sampler
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Inversion algorithms

d=G(m)

model parameter

g data
o

Model space search

Back projection
(5)
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Bayesian Inversion - Basic Ideas

Observations

A posteriori
knowladge

A priori
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Bayesian Inversion

A posteriori pdf

A posteriori pdf

o(m)

) f -A priori pdf (prob. dens. funct.)
e L - Likelihood function

Errors independent ah andd
d'" = G(m)

o(m) = f(m)exp (—||d** — G(m)]|)

|- ]| -anorminD

f(m)L(m,d)
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Probabilistic approach

A posteriori pdf o(m, d):

e always exists
e IS UNique
e describes all information

e isthe of an inverse problem

When and why we need to use this approach

e nonlinear forward problems

e error analysis
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Probabllistic approach is very intuitive!
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Exact theory: linear case

—
—
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Exact theory: non-linear case

"
—
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“Exact” data: uncertain theory
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A posteriori pdf

om(m) = far(m) - L(m, d*)

L(m, d°) = ¢4 ~Cm)|
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Examination of o(m)

e Searching Maximum Likelihood
solution

— Gradient methods
— Monte Carlo - Global Optimization

e Sampling over regular grid

e Random (Monte Carlo) Sampling
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Monte Carlo
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Monte Carlo
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Monte Carlo
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Monte Carlo sampling

Uniform sampling Importance Sampling
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Monte Carlo as Random Walk
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Random Walks (Markov Chain)

(visiting) of the space. Being at given point® it can
move only 'one’ step either tan’ or stay inm* with
some probabilities.

Movements (transition probability) of “"walker
depends only on the current position and the neg
nodes it can reach and not on the history of previ
movements ("short memory” process).

Random walkis a stochastic process of sampling

rest
OUS
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Random Walks

Random walk is fully defined by transition probability
matrix (operator)”’—’ being the probability of moving
from the node to the nodej
When the number of steps go to infinity then
probability that "walker” is in pointm converge to
some probabilityp(m). Thus, "walker”is sampling
this probability.

Metropolis Algorithm
. J
Pi—J — min {1, p(m.)}

p(m?)

“Chain” of points:

m17m27'°°mi7mj'“
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Travel time tomograpphy

Problems

e Data:{Aty,...Aty} N =10%—- —-10°
o Parameter$v,,vo,... vy} M = 10* — 10°
e Forward problem strongly nonlinear: possible large theoretical errors

e Most often problem has non-unique solution: importaniriori term
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Travel time tomograpphy

Classical approach

Parameterization:

v(x,y,2) — {vitiz1.. M

Al |
At; =) — = Al
Z v, Z 5550
J J
— d=G ' m
Regularization (non-unique solution)
det(G'G) =0
Numerical optimization

S(m) = [|d°** — G - m|| + A||m™" — m|| = min
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Travel time tomograpphy
Probabilistic (MC) approach

Regularization:
f(m) = e~ lhm-mIl/Om

obs
op(m) = f(m)exp~ 4 - Gmll/Cd

Monte Carlo sampling

Solution
e m™ =m, : oy/(m;) = max
P mavr — Z m,
samples
® ¢, = Z (mavr mS)Q
samples
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Norms & Nonlinearity

L] ]d]] =) g— Absolute value norm
o | ||d]| =35> dY(C)“d’ Gaussian norm
ij

N 2
| lld]| = S log <1+ (g—) ) Cauchy norm
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Norms & Nonlinearity

Misfit functions
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Example-1
Eastern Chugoku

Western Honshu

132° ° . 138°
38" . 134 136 . a8’

132° 134° 136° 138°
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Eastern Chugoku

Ray path Coverage
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Eastern Chugoku

Ray path fraction
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Cd=10 Cm=1

Case A
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Cd=1Cm=1

Case B
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Cd=
5 m=0
~0.5

Case C
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Cd=1Cm=10

Case D
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Velocity Errors

Inversion errors

V=3 V=5
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Cd=10 Cm=1

Case A
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Cd=1Cm=1

Case B
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Cd=2 Cm=0.5

Case C
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Cd=1Cm=10

Case D
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Example-2 Rudna (Poland) copper mine
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Rudna copper mine
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Rudna copper mine
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Rudna copper mine

LSQR
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Rudna copper mine
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Rudna copper mine
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