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Plan of the seminar

• Bayesian Inversion

– Inverse Problems
– Bayesian technique
– (Not too) serious example

• Monte Carlo Technique

– Global Optimization
– Monte Carlo Sampling

• Examples

– Velocity tomography
– Estimation seismic sources
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Inverse problems == Indirect Measurement

dobs =⇒ m

Solution

||dobs − dth(m)||+ γ ||m−mapr|| = min

Errors
mtrue = mml + εm

εm = ???
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Inversion Algorithms

Method Advantages Limitations

Algebraic (LSQR) - Simplicity - Only linear problems

mml = (GTG + γI)−1GT · dobs - Large problems - Lack of robustness

Optimization - Simplicity - No error estimation

S(m) = ‖G(m)− dobs‖+ γ‖m−ma‖ - Fully nonlinear

Bayesian - Fully nonlinear - Complex theory

σ(m) = f(m)L(m, dobs) - Full error handling - Efficient sampler
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Inversion algorithms - Classical Techniques

v

d d=G(v)

model parameter

da
ta

Algebraic Optimization
(Back projection) (Model space search)
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Bayesian Inversion - Basic Ideas

d

m

d=G(m)

m

m

A priori

Theory

Data

A posteriori
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Bayesian inversion -InspectionA posteriori pdf
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A posteriori pdf

σ(m) = f(m) · L(m,dobs)

L(m,dobs) = e−||d
obs−G(m)||
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Probabilistic approach - features

A posteriori pdf σ(m, d):

• always exists

• is unique

• describes all information

• is the solution of an inverse
problem

When and why we need to use
this approach ???

• nonlinear forward problems

• error analysis

• resolution analysis

• theory verification
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Probabilistic approach is very intuitive!

20 40 60 80 100
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Exact theory: linear case
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Exact theory: non-linear case
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“Exact” data: uncertain theory
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Examination of σ(m)

• SearchingMaximum Likelihood solution

– Gradient methods
– Global Optimization

• Point Estimators

• Sampling

– Sampling over regular grid
– Monte Carlo Sampling
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A posteriori estimators

• Point Estimators

– mml = mi

σM(mi) = max

– mavr =
∑
alpha

mα

– δavr =
∑
α

(mavr −mα)2

• Marginal pdf

σ(mi) =
∫

mj 6=mi

σ(m) dm

σ(mi) ≈
1
N

∑
α

Nα
m∈(mi±ε)
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A posteriori pdf

σ(m) = f(m) · L(m,dobs)

L(m,dobs) = e−||d
obs−G(m)||
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Monte Carlo
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Monte Carlo
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Monte Carlo
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Monte Carlo sampling

Uniform sampling Importance Sampling
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Monte Carlo as Random Walk
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Metropolis Algorithm

po→n =
σ(mn)
σ(mo)

{m1,m2 · · · · · · · · ·mN}

N[m−∆,m+∆] ∼ σ(m)
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Travel time tomograpphy - Specification

• Data: d = {∆t1, . . .∆tN} N = 102 −−106

• Parametersm = {v1, v2, . . . vM} M = 102 − 106

• Forward problem strongly nonlinear: possible large theoretical errors

• Most often problem has non-unique solution: importanta priori term
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Travel time tomograpphy - Classical approach

Forward modelling:

tsr =
∫
sr

dl

v
−→ d = G ·m

Parameterization:

v(x, y, z) −→ {vi}i=1···M

Numerical optimization

S(m) = ||dobs −G ·m||+ λ||mapr −m|| = min
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Travel time tomograpphy - MC approach

A posteriori pdf:

f(m) = e−γ||m−mapr||

σ(m) = f(m) exp−||d
obs−G·m||

Monte Carlo sampling

{m1,m2 · · · · · · · · ·mN}

N[m−∆,m+∆] ∼ σ(m)

Statistical Estimators

• mml = mi :
σ(mi) = max

• mavr =
∑
α

mα

• εm =
∑
α

(mavr −ms)2
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Tomography studies

• Effects of damping anda priori model choice

– dependence onγ

– dependence onmapr

• Comparison different estimators

– mml - Maximum Likelihood Model

– mapr - Average Model

– mml
1D ML Model for Marginal PDF
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E1: Rudna (Poland) copper mine
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E1: Rudna copper mine - largeγ
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E1: Rudna copper mine - smallγ
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E1: Travel Time residua - largeγ
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E1: Variance (error) distribution

Cd = 20 ms
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E1: Marginal distributions - small γ
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E2: Eastern Chugoku
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E2: Ray paths

Ray path Coverage
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Case A
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Case B
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Case C
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Case A

V = 3
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Case B

V = 3
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Average Residua
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Waveform inversion

u(t) = G(t) ∗ S(t)

• “Tomography”: givenS(t)

u(t) −→ G(t)

• Source tomography: givenG(t)

u(t) −→ S(t)
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Empirical Green Function

u(t) = G(t) ∗ S(t)

G(t) =???

G(t) ≈ u1(t) f ≤ fc2

u2(t) ≈ u1(t) ∗ S(t)
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E3: Lubin mine seismic event - (ML ≈ 3.1), July, 1998
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Example-3
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Example-3
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STF estimation - channel 04

-0.5

0.0

0.5

1.0

1.5

2.0

-0.5

0.0

0.5

1.0

1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0
time

A B C D E F 

Average
Max. LM

Samples
A_priori

 

 

Tono Geosciece Centre MGA-SEM, 18.07.2003 (44)



Marginal distributions
Section B (0.16)
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Features of the technique

• Stochastic (Monte Carlo) method

• Full error analysis

• Variety of statistical estimators

• Analysis of thea priori constraints

• Possible advanced resolution analysis
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