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Probabilistic Inverse Theory Lecture 3

Linear Invers Problem

m — (ml,mg,---mM) e M
d= (dl,dg,“'d]\[) cD

dim) =G -m

d; = Z 9iim;
J

Problem: How to find m provided d 1s known ?
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Probabilistic Inverse Theory Lecture 3

Linear problem

d=G-m /xG'

Gl . d=G'G - m

GIG — GI'G + I

mest _ (GTG 4+ )\I)_lGT . d()bs
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Probabilistic Inverse Theory Lecture

Linear problem

m ~ m"; d=G m?
d=G-m /-d
d-d=G: - (m— m®¥)
Gl.(d-d) =G!'G: - (m—m¥)
GIG = GIG + I

mest _ m&pr+(GTG—|—)\I)_1GT°(dObS _QG. mapr)
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Probabilistic Inverse Theory Lecture 3

Linear problem

A - arbitrary parameter —> subjective solution
mest . mest()\)

1) A = o0

mest ~ m?" + L GT . (d°° — G - mP")
2) A — 0 (if exists)

mest = (GTG)~1GT - (d***)
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Probabilistic Inverse Theory Lecture 3

Linear problem - resolution analysis

m = (my, Mo, ...My;)
4 how accurately one can estimate m; ?
4 are m;, m,; correlated ?
mest — mP" & (GTG 4 )\I)—lGT . (dobs _ Q. ma,pr)

dabs . dtrue; dirve — @ . mtrue

mest — m®r — R()\) ) (mtrue . mapr)
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Probabilistic Inverse Theory

Lecture 3

Linear problem - resolution analysis

m¢? are filtered estimators of m

definition : é — AB!
B
T
R — G'G
GG+ )

true
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Probabilistic Inverse Theory Lecture 3

Linear problem - well defined problem

det(GT-G) 40 — A =0
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Probabilistic Inverse Theory Lecture 3

Linear problem - under-determined problem

det(GT-G) =0 — A £ 0

GIG
G'G + Al

R —

R # 1

mest # mtrue
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Probabilistic Inverse Theory Lecture 3

Linear problem - regularization

1) A = o0

m®! ~ m? + 1 GT . (d" — G - m")
2) A — 0 (if exists)

me! = (GTG)"'GT - (d***)
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Lecture 3

Probabilistic Inverse Theory

Linear problem - illustration

- S

At

CAMK PAN, 22.03.2023
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Probabilistic Inverse Theory

Lecture 3

Linear problem - resolution illustration

1m

R =

est __

{ e y=0.001 !

{ & Y210
1 a V2100 |

Iy:jl

GTG+ I

il
1

I I \ I
2 3 4 5
Cell size [cm]

ekie!
Y

mest ~ mePT 1 % GT i (dobs — QG- mapr)

m?” + (GI'G +\XI)7I1GT - (...)

A—oo R~ <
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Probabilistic Inverse Theory Lecture 3

Linear problem - data error sensitivity

marr — mt’rue; dobs _ dtrue T 5

mest(A) _ mtrue + (GTG + )\I)_lGT . (dobs . dtrue)

mest . mtrue oL (GTG 1L )\I)_lGT Y

Am®*™' = (G'G + \I)'GT -6
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Probabilistic Inverse Theory Lecture 3

Linear problem - error propagation (m®" # m'"%¢)

(dtrue —G. map’r)
+0

mest()\) _ mapr i (GTG i )\I)—IGT .

Przykiad 1D: d = gm

true apr
mest()\) — mY" 4 > g . (d gim )
g +A | +9
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Probabilistic Inverse Theory Lecture 3

Linear problem - error propagation
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Probabilistic Inverse Theory Lecture

Linear problem- Residua

+[I - G(GTG + \I)~'G”] Gm™"
dest - 4 G(GTG i )\I)—l)GTdtrue
+G(GTG + AXI)"H)GTs

+AI(GTG + M) ' GT(Gm™" — d)

dest . dtrue —
+G (GG +AI) G”§
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Probabilistic Inverse Theory Lecture 3

Linear problem - inversion efficiency

Final verification of inversion results: how accurately m®

“reproduces” d°% ?

RMS value of data residua: r; = d% — d;(m®")

T'rms — %Z \/(dqus - di(mest))Q
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Probabilistic Inverse Theory Lecture 3

Linear problem - inversion efficiency (practical approach)

Provides a qualitative measuer of inversion “‘efficiency’” and
simultaneously data quality
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Probabilistic Inverse Theory

Lecture 3

Linear problem - inversion efficiency (better approach)

compare residua histogram for m®” and m®* models

A
80 80 50
70 - 70
40
60 | - 60
50 4 - 50 304
o o o
*g € €
3 40 40 2 3
O O O
301 ] - 30 207
20 - 20
N me mw )
0 2 — L ‘ 0
-100 -50 0 50 100 150
Residua [ms]

50

Residua [mg]

50

- 40

- 30

Counts

- 20

- 10
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Probabilistic Inverse Theory Lecture 3

Linear problem - dependences on m“?”

d:gm dobszdtrue_|_5

es )\ apr 9 rue
m t()\) : 92 _|_ )\m g ! 92 _|_ )\(dt _|_ 5)
A g°
dest — dtrue | ) apr dtrue | 5
Amest . mest s mt'rue _ g 5
g+ A
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Probabilistic Inverse Theory Lecture 3

Linear problem - selecting m“?”

:: """ IR j/

)
o

]
o

Residua [ms]
33

20
W - |, norm
15 g
O -1, norm
10
5200 5600 6000 6400 6800

V [m/s]
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Probabilistic Inverse Theory Lecture 3

Linear problem - single \ ?

G'G — G'G X
should we use single “global value of X\ ?

diagonalize G - G 0
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