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Source Time Function (STF)

Source time function represents time dependence of seismic moment (slip)

uPi = 1
4πρr

[
2
α3γi(γjlj)(γknk) Ṁo(t− r/α)

]
uSi = 1

4πρr

[
−1
β3

(
(2γi(γjlj)(γknk)− ni(γjlj)− (nkγk)li)

)
Ṁo(t− r/β)

]

Mo(t) = MoS̄(t) Ṁo(t) = MoS(t)
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Spectral properties of far field

Udias, Madariaga, Buforn:
Some of the most useful and universal properties of source time functions are
obtained in the spectral domain

F (ω) =
∞∫
−∞

f(t)e−iωtdt ∗

f(t) = 1
2π

∞∫
−∞

F (ω)eiωtdω ∗∗

Basic fact lim
ω→o

Ṁo(ω) = Mo obtained taking f(t) = Ṁo(t) in (*)
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Seismic energy density

Etot = EK + EP =
ρ

2
u̇iu̇i +

1

2
τijεij

In far field
Etot = ρu̇iu̇i

Energy:

E = ρ

∫
S

dS

∞∫
−∞

(
α |u̇iP |

2
β |u̇iS|

2
)
dt

for point dislocation source

u̇i =
−1

4πρα3r
RPM̈o(t− r/α)

−1

4πρβ3r
RSM̈o(t− r/β)
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Seismic energy

E =
1

16π2ρ2r2

∫
S

(
1

α5
R2
P +

1

β5
R2
S

)
dS

∞∫
−∞

|M̈o|2dt

R̄2
P =

1

4π

∫
R2
P (θ, φ) sin θdθdφ

E =
1

4πρ

(
1

α5
R̄2
P +

1

β5
R̄2
S

) ∞∫
−∞

|M̈o|2dt

Finite energy⇐⇒ |M̈o|2 is finite and has finite support
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Seismic energy

Parseval’s theorem

f(t) ≥ 0 =⇒
∞∫
−∞

f2(t)dt =
1

π

∞∫
0

|F (ω)|2dω

ḟ(t) =
i

2π

∫
ωF (ω)eiωtdω

E =
1

4πρ

(
1

α5
R̄2
P +

1

β5
R̄2
S

) ∞∫
0

ω2|Ṁo(ω)|2dω
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Seismic energy

Important: finite radiation energy requires fast decrease of Mo(t):

|Ṁo(ω)| ∼ 1

ω2

For “minimal” sources: Ṁo(ω) = 1/(1 + (ω/ωc)
2)

E =
1

16πρ

(
1

α5
R̄2
P +

1

β5
R̄2
S

)
M 2

o ω
3
c

Here ωc describes the finite rise time of a point source !

debski@igf.edu.pl: SP6- 6 IGF PAN, 23.11.2015



An introduction to Physics of Seismic Sources SP-6: Spectral properties, Energy

STF - instantaneous fault slip

6

-

6

-

6

-

t t ω

Ṁo(ω)ṀoMo

F unrealistic model

F unacceptable far field

F emitted infinite energy
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STF - linear increasing fault slip

Mo(t) = Mo

[
t

tr
H(t)− t− tr

tr
−H(t− tr)

]
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-

6

-
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t t ω

Ṁo(ω)ṀoMo
∼ 1

ω

F emitted infinite energy
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STF - boxcar stf

Ṁo(t) =

 Mo
4t
t2r

0 < t < tr/2

Mo
4(tr−t)
t2r

tr/2 < t < tr

t t ω

Ṁo(ω)ṀoMo
∼ 1

ω2
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STF - Brune’s model

Mo(t) = Mo

[
1− (1 + t/tr)e

(−t/tr)
]
H(t)

Ṁo(t) = Mo
t
t2r
e(−t/trH(t)

Ṁo(ω) = Mo
1+(ω/ωc)2
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Moment tensor - generalisation DC

Asumptions:

F source - a non-elastic process in a finite volume

F net sum of forces and moments in source is null

F absence of body forces (Fi = 0)

Total stress σij
σij = τij +mij
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Moment tensor - generalisation

Wave equation
ρüi = ∂j τij

Generalise (postulate)

ρüi = ∂j σij

ρüi = ∂j τij− ∂jmij︸ ︷︷ ︸
Fi

Moment tensor represents the stresses responsible for non-elastic processes
in the source volume
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Moment tensor - generalisation

Moment tensor mij represents the general point-like source

ui =

∞∫
−∞

dt′
∫
Vo

Fi(ξ, t
′)Gni(ξ, t

′;xs, t)dVξ

Taylor expansion:

Gik(ξn) = Gik(0) + ξj
∂Gik

ξj
+O(ξ2)
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Moment tensor - generalisation

ui =

∞∫
−∞

dt′
∫
Vo

ξjFkGik,j(ξ, t
′;xs, t)dVξ

null net forces: ∫
Vo

Fk(ξ)Gik(0, t
′;xs, t)dVξ = 0

ui =

∞∫
−∞

dt′
∫
Vo

ξjFkGik,j(ξ, t
′;xs, t)dVξ

mjk = ξjFk
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Moment tensor - physical interpretation

mij =


σxx σxy σxz

σyx σyy σyz

σzx σzy σzz


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Moment tensor - principle stresses

mij real, symmetric - can be diagonalized

(mij − δijσ) · ~vj = 0

~vi - principle axes of inelastic stress in source volume

mij =


σ1 0 0

0 σ2 0

0 0 σ3

 σ1 > σ2 > σ3
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Moment tensor - isotropic part

Isotropic part - inelastic dilatation - change of source volume

mI
ij =

1

3
Tr(mij)δij

mI
ij =

1

3
(σ1 + σ2 + σ3)

Deviatoric part - processes with no volume change, e.g. shearing

mD
ij = mij −mI

ij
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Moment tensor - deviatoric part

mD
ij = mDC

ij +mCL
ij

where
det(mDC

ij ) = 0

Double Couple part (pure shearing)

mDC
ij = mD

ij −mCL
ij

Compensated Linear Vector Dipol (e.g. tensil crack)

m = mISO + mDC + mCL
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DC - CLVD partitionig

mD = mDC + mCL


σ1 0 0

0 σ2 0

0 0 σ3

=


1
2(σ1 − σ3) 0 0

0 0 0

0 0 −1
2(σ1 − σ3)

+


−1

2σ2 0 0

0 σ2 0

0 0 −1
2σ2



F DC - shearing process

F CLVD - change in µ perpendicular to rupture plane (crack opening, etc.)
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Moment tensor - examples

Explosive (ISO) mij = (λ+
2

3
µ)∆u


1 0 0

0 1 0

0 0 1



Tensil fracture (CLVD) mij = A(λ, µ)∆u


1 0 0

0 −2 0

0 0 1



Shear fracture (DC) mij = µ∆u


0 1 0

1 0 0

0 0 0


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Moment tensor inversion

mij(t) = γijMoS(t)

Moment tensor inversion should comprise

á Nm=6 “Fault plane solution” γDCij = esie
n
j + esje

n
j

á Nm=1 Seismic scalar moment Mo = µS∆uo

á Nm=(∞) Source time function S(t) = ∆u̇/uo

un(xr, t) =

∞∫
−∞

mij(t
′) Gni,j(xs, t

′;xr, t)dt
′
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Moment tensor inversion - examples
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