
.::.LŻDL'I'A PO'I'-:.iSK.:.. 

J . • ;W:,,L;:.:· J. N.;PIOnhO„s:a 

Institute of Geophys ics 

Polish Academy of Sciences 
r:a r smv, Poland 

COPOSI'I'ffl'I'Y COKT;ITICl'\ OF .\ VOLTŁlUl• ::i-JIES ~.!Ou:::L 

1. Introduc t1 on 

Th e derivation of th-e physically. be.sed e~uations of hydrolog ie 
sys t ems and the determination of the pnr ameters of thcsc cąuations 

(usual l y non- linear pnrtial differen ti a ! equations ) is a ve r y 

difficult problem, quite often impossible to solve . Usuvlly , the 

description of hydrolo~ic systems is sought in te r ms of s io~lified 

models ( implicit- differential or explicit- integr cl (1] ) that 

describe input - output r elat ionships fai r ly i!ccuratelly, 

137 

One of the explicit methods of the desc ri pt i on of the non- 11nenr 
conservative systems is the descri ption by ccans of an integral 

Voltcrra seri es 

y( t ) 

t 

= ~ h 1 (r)x(t- r )dr + 

o 

tt 

}r b::!( r 1 ,r2 )x(t - r 1)x(t- r::!,dr1ctr3 + • • • 

oo 
where y(t) i s the output, x lt; i s th e input und the functions 

{11 1 ~ 1=1,3, . , . arc the l.:erncls of the orcrator. 

( 1) 

The esscntial proolem to LL solvcd ia the ~rtr rraination of a r~n~c 

o1 a )pl icability ot the infinitr (or fintc) \oltrrr.~ no.cl ,1: tot': < 

input- out'Jut r.iodellin:. Any in1'initc Volt„rra scrics 11.~ ,;;:: r r.n·t' ,,r 
con,·cr-:enc . In,;.ir,1 r..i r„n~c thi: error of w :iro'l:i' --tion or the 

·• it Il dccrc:-as c of. tl c nu·~!Jr r of tcT:'5. 

<n tli•, 0t '1cr lJ u ncl in order 10 idcnti i'Y thr Jyn~li:: ics of ttic s;·stt:m 

on !'1" ro trunc.::.tc t!1r iuliniti; scrirs . In th.:it c<?se one requircs 

copositiY1ty ot' the nol~C.l - il ;ios itivc output rcsponsc to n positive 
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input. This physically based criterion was proposed by Boneh and 
Golan [2]. 

The aim ot the paper is to analyse the copositivity and oonver­

gence properties of the Volterra series. To tbe author' k:nolfledge 

this problem has not bean addressed in the professional literature. 

The problem expressed in general terms is very complex, nevertheless 

it must be considered. 

The difference between the copositivity condition and convergence 

condition can be explained for the case of the two-term Vol terra 

model based on a single non-linear reservoir, This simple example 

allows analytical results to be obtained, In this case, the solution 

of the rosultin~ ordinary differcntial equation can be easily com­

pared wi th the solution given by the Vol terra series (1). ~loreover, 

the analytic structure of the kernels [hi~ has been determined [3], 
The results obtained can be easily generalized for any number of 

reservoirs and any number of the terms of the Volterra series. 

11o~ever, in this case numerical calculations would be necessary. 

2. Convergence condition vs, copositivity condition 

Consider the reservoir model of the oonservative system described 

by an ordinary differential equation of continuity and an algebraic 

equation of outflo~ (storage) 

s ( t) 

S(O) 

y( t) 

-a S(t) - b s2 (t) + x(t) 

o 

a S(t) + b s2 (t) a,b>O 
(2) 

where x(t) is the input, y(t) is the output, S(t) is the storage and 

a, b are the parameters 

and the input si~nal 

x(t) = {: 

for t ~ T 
(3) 

for t > T 

It can easily be secn that Eq.(2) has a tinite solution for a ny 

f1n1te X, that can be obtained by calculating of several el e mentary 

integrals. This solution can be expressed as an infinite Volterrn 
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series provided that the convergencc condition is fulfilled [3] 

In order to identify the kernels of the Volterra serics one has to 

truncate the infinite series. As an applicability criteriop for such 

a model one can assume a copositivity requirement, 
Let us derive the copositivity condition of the model given by 

Eq. (2) for the case of the two-term Vol terra series and the input 
given by Eq,(3), The first and second order kernels arc (3] 

hi (t) = a e-at 

2b e-a(t1 + t2) _ b e-max(t1 ,t2 ) 
( 5) 

2 Let us denote by Óy (t) the first t erm and by b y(t) the second term 
of the Volterra series. Then the model response is 

y( t) = Ćy ( t) + ó2y( t) 

ll'here 

t --{XX Ćy(t)= ~h1 (r)x (t-r)dr 
o 

tt 

ó2y(t)= Jlh2 (r1 ,r2)x(t-r1 )x(t-r2 )dridr2 oo 

7 for 

t ~ T 

t > ·r 

t t r 

\ 

2ox2 ( e-2at + at e- at _ e-at) 

= 2bX2 [ -2a(t-T) -a(t-T) - 2at T -at -at ~ . -D \ 2t-T )j 
~-2- e -e +e +a e +e -- c 

a t>T 

( 6~ 

(T) 

(8) 

at - a(t- T) aT P='bX./a2 in Eąs,\' G,7,~ ) one Substituting v=e , z=e , r=e , -

ge t s 
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l
y1 (v)= x2 (v2+p+ pv lnv - pv - v ) 

y(t)= V 

y2 (z)= X { z2p{1-r) 2+ z[1- ~+ ~(1+lnr-r)]j 

tor t ~ T (9a) 

for t > T (9b) 

''hcre vi(1,eaT) and z~(0,1) 

One cttn check tha t for any v~1 the function on the right hand s1de of 
Eq . (9a) is greater th:m zero. Irence, the copositivity requirernent is 
met \Vhen y2 (z)~ tor z ji (0.,1) . This is fulfilled 1f 

t h:l t is 1f 

p ~ --=-r_---=1 __ 
r - lnr - 1 

The above condition is illustrated in Fig.i 

p 

6 
r - 1 

r - Inr - 1 

3 

3 6 

(iO) 

(11 ) 

9 r 

Figure 1. rhe copositivity condition for a s1nile r eservoir 

Positiv e outflows correspond to points bclow the curve p=p(r) defined 
by ineąuality ( 11 ). Note, that p(r) is a monotonocally rlecreasing 
function and lim p (r) = 1. llenco, for p!<1, that i s fo r 

r..,;.oo 



X~ 0.5 a 2/b (12) 

the outflow from the model is pos1tive for any val ue ot T (a suffi­

cient condition). When p> 1 the outflow is positive for short time 

interval T only. 

3. Conclusions 
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By comparing Eqs.(4,12) one can see that the convergence condition 

is tlTice stronger than the oopositivity condition. Aocordingly, the 

truncated Volterra model with the kernels identified on the basis of 

the input-output data is in fact applied outside the region of the 

convergence. 

The copositivity condition for the series ~ith more than tr.o terms 

is very difficult to derive , It is the recommendat1on of the present 

authors that the input magnitude used for siculation should not be 

greater than the input m&gnitudes used for identification for the 

copositivity to be established. 
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,;_~u~h„;\. nou .• r:ncScr DLA ~iODELU SZ.:.nBGU VOL'rEiUY 

Streszczenie 

,,- pr acy dyskutowan e są "ar u nki stosormlności opisu dynamiki syste­

r.iów hydrol o:; icz nych za :rnmocą slrn11czon ego sze re~u Vol terry. aozważ:me 

jest lcry t e r iurn , :;:tóre~o s:;icłnienie zape,mia dodatniość irypłyml przy 

codo t nir.: dopływie . \.yniki anal 1 tyczne podane są dla sze r egu dwu­

elementowego . 

·1.-~\~ :ero tJ:~.C'!''3:.:.:i r:_::: ::oi.~o:.:;! ~.rr„;,~i 3o.r.oTe::!i~ • .?3.cc;łD." :J;.:na:!i„:.:!: :I!)i!3?.aR, 

-·~ „v :„': :-C BJH~T:?o;e1~1:e r:l.9"\C.!!~~: ~."C'! nO„'!O;:<SI ':: eJl~~{CC':'!> 3b:X0~8. ::p~ 

Ho::c: :.i·re.r,;:,;,0:4 ::i:-o.:;.e . AHa„wu1'<!ec:-c:e ye3J„':bTaT:L! ~a!i!-!ye .:;.:ur pz,1ta 

COCTMi::ero V.3 ;; a o x 3JI:n:eHTOB . 
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