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l. 

1. Alternat;ve descr;ptions of open channel flow. 

In recent years, an interest has arisen ;n studying the relationship 
between the continuum mechanics approach to flow problems based on an 
internal viewpoint and the systems approacn based on an external view­
point1 Comparisons have nearly always been confined to the linearised 

versions of the two types of model . In the present paper a linkage is 
obtained between a simplified non-linear version of the St. Venant 
equations and the linear and quadratic terms of the alternative Volterra 
series representation. 

The Volterra series representation is a generalisation of the transfor­
mation model of a linear time-invariant system represented by : 

t 

~ (t) = ) h ( 't ) ~ ( t- 't) et 't' ( 1) 

• 
where u {t) is the input to the system, y {t) is the outout from tne system, 
and h {t) is the impul se response of the system. For non-linear systems this 
external description is generalised to: 

t t 
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„ 
~ ... ( 't., .• ,t .... ) .n i.. (t-t ;.) ct't\ 

~·A 

(2) 

where h ( 't4, tJ „ .. , "t,.. ) is the n dimensional kernel of the n - th tenr. 
n 

of the Volterra series. The numerical determinat ion of h
0 

from input and output 

data is theoretically feasible but in practice becomes quite difficult for 
kernels of higher than second order. The problem tackled in the present paper 
is the prediction of the kernels of the Volterra series for a physically 
based mathemat ical model . 

1. Dooge, James C.I. (1969). "Alternative approaches to flow problems" 

General Lecture to XVlll Congress of IAHR, Cagliari, September, 1979. 
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The interna! description of one-dimensional unsteady flow in an open 

channel is based on the principle of conservation of mass and the principle 
of conservation of linear momentum in the direction of motion. The equation 

of conti nuity is given by 

~Q 

JX + ~A :: 0 
?t 

(3) 

where O (x ,t) is the discharge and A (x,t) is the cross-sectional area of 

flow. The dynamie St. Venant equation based on momentum for a uniform 

cnannel is given by : 

)~ 

'?.>c 
.~ 

3 
d'4 
d.l' 

4 'J"' -
+ 5 ~-t - So - S+ 14) 

~inere y (x,t) is the depth of flow, u (x,t.) is the velocity of flow, S0 is 
the constant bottom slope (conventionally taken as positive when downward ) 
and S, is the friction slope whtch is only equal to the bottom slope for 

steaoy uniform flow. 

-~e formulation of the problem is completed by specifying the shape of 

:ne or1smatic channel, the friction law used to estimate Sf' together with 
the in1tial and boundary conditions. The shape may be conveniently defined 
by relating the area of flow, which appears in equation (3), to the depth of 

tne flow, which appears in eauation (4), as follows : 

A (~,-t) • ll'I [ ~C"',t >1 (5) 

The friction law connects the friction slope to the parameter of flow and 

may be written in some general form such as : 

$ 1 = jr: [ Q ' J > !>h.111.r- > '"'"'i"'-""·u~) 
(6a) 

In practice the most widely used friction law is that of Manning 

s, "" ' ,.... 
4 

Q 

FI l. R. "'~ 

3. 

(6b) 

where the area A (y) and the hydraulic radius R (y) depend only on the shape 
of the channel and on the depth of flow y (x,t), and n is a roughness 

parameter. 

2. Simplification of basie eąuations. 

In order to compare the internal descriot1on given by eouations (3) , 
(4), (5) and (6) and the external description given by eouation (2) without 
becoming drowned in complex algebra ie exoressions, the internal descriotion 

is replaced by a simpler but still non-linear model and the Volterra series 
·i s restricted to the first two i.e. the linear and ąuaoratic terms. However, 
the approach used is equally valid for the full St. Venant equations and for 
any order of Vol terra kernel. 

The first simplification is to transform ·equations (3) and (4) from 
partial to ordinary differentia! eauations i.e. to replace the physically 
based distributive model by a physically based lumoed model a' t~e 
channel reach being studied. The equation of continuity ?iven by equation 
(3) above can readily be integrated a long the reach to give : 

Q~ (t) - Q.tCt) = 
dS 

cit (7) 

where o1 (t) is the upstream inflow, o2 (t) is the downstream outflow, and 

S (t) iŚ the total storage in the reach . For the low values of the Froude 
number usually encountered in lowland rivers and canals ( O.~ (.r:' (.O. ~ ), 

the dynamie equation given by equation (4) can be approxi mated very closely 

by the convective-diffusive form : 

d~ 
'd.x. "' ~o - sf (~.t) (8) 
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The la tter equation when integrated along the reach can be expressed in the 
1 umped form : 

~ 

'j~Ct)- ~·C*) • $ 0 · L - ~ 57 (-" 1t) d.ic (9) „ 

where the friction slope Sf will vary in space and time because of its 

dependence on the parameters of flow through equation (6). 

The dynamie equation can, however, be expressed in completely lumped form 

by the use of a further assumption. If it is assumed that ( over the length 
of reach concerned ) the water level varies linearly throughout the reach, 
then the term on the left hand side of equation (8) will be a function of 
time only, and the same must be true of the friction slope Sf on the right 
hand side of the same equation. Accordingly equation (9) now becomes 

(\~ Ct) - 0 ... Ct) z: So·L - Sł Ct) · L..o (10) 

Jt 1s convenient to represent this friction slope which, varies only in time, 

as a ratio of the bottom slope of the channel by defining the function 

b (t) :: 
5~ (t) 

So 
(11) 

This function will have a value of 1 for steady uniform flow, a constant value 

other than 1 for steady non-uniform flow, and will vary with time but not with 
distance in the case of unsteady flow. The function b (t) def1ned by equation 
(11) is obviously related to the looped rating curve which is characteristic 

of unsteady flow. 

5. 

lt remains to see if the combination of equations (5) to (11) is 
sufficient to salve the flood routing problem in which either o1 (t) or 

Yr (t) is given and wither o2 (t) or Yz (t) is to be predicted. The lumped 
equation of continuity is given by : 

ci~ 

cU: 
=- Q ... (-t) - G1.i Ce> 

and the lumped dynamie equation by 

Jt (t) - ~„ (.ę) == S.· L [ 1 - b(t->] 

.., 

(7) 

(1 2) 

For the flood routing problem these two equations contain five unknown 
functions of time and hence three further equations linkino these unknown 

functions are reauired. Two of these are orovided by writing eauation (11 ) 
for each end of the reach and using the assumed friction l aw and the known 
shape of cross section to write : 

b(i): tb (G ... ,~„) ( 13) 

• b(~) :: ·h~ (Q.l) °'d") 
(1 4) 

and thus providing a set of four equations in five unknowns. 

The remaining equation requiN!d is provided by relating the storage in 

the reach which appears in equation (7) to the upstream and downstream depths 
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at the same instant of time. By definition we have • 
~ 

S(t): ~A(">ł ) d.x 
( 15) 

ana we have already assumed that at any instant the depth varies l inear ly 
f rom y1 at the upstream end to y2 at the downstream end . 

latter assumption to rewrite equation (15 ) as : 
We can use t he 

L 
$ { t ) = -~.I. - ~„ 

'lt 

) F\ ( ~ ) d.'j 
:J"' 

(16) 

Si nce the variation of area with depth is known th i s can be integrated for 
any length of channel reach. lf the variation of area with depth i s smooth, 
t hen it can be shown t hat when the water surface is linear the storage is 
gi ven by : 

.,.„o (~,~~)a· 
CIQ 

$ =- L L: 
... 

c;:;:;}! 

i.·~ .,._~ l 

z: ( J.Ł - ~· ) < ~~-'JO ) 
i,. tO 

•,mich orovides the fifth equation requi red. 

(17 ) 

The simplified model examined in this paper is thus defined by eauations 
(7) , (1 2) , (13 ) , (14) and (17 ) . It remains to show how the kernels in the 
Volterra series representation of equation (2) can be derived from these f i ve 

equations for a given shape of channel and for a given friction law. The 
approach used is to examine the first order, second order, and higher order 
perturbations in the five dependent variables due to the perturbation of the 
sys tem from a steady state trajectory. 1 •2· 

l . Findeisen W., Szymanowski J., and Wierzbicki A. (1977). Theory and 
computational methods of optimization. ( In Polish). WNT Warsaw . 1977 . 

2. Napiorkowski, Jaroslaw J. (1978) . I dent1fication of conceptual reservoir 
model described by Volterra series. (In Polish). O. Sc . Thesis. 
Institute of Geophysics, Polish Academy of Sciences. 

7. 

3. Detennination of first order kernel. 

lf the initial condition is taken as that of a steady unifonn fl ow (Q
0

) 

in the Channel reach then the upstream inflow (01) can be written as : 

Q „(t ) z Gło • .óQ„(1:) 
(18) 

where the perturbation in infl ow is a given function of time . Since the 

kernel of the fi r st term i n the Vol terra series represents only linea r effect s 
we are interested only in t he f i r st order variat i ons in t he f i ve deoendent 
var iables. 

ł 

tiQ,{~ ÓQ.z. {t) ~ 6 G .i C* ) + . „ (19) 

A $(ł l c ó $ {'~ ) + Ó t S (. t ) t . . . (21) ) 

db(ł) = .Sb (t) t 6łb {t) + .•• (21 ) 

ć'<l_,tt): J 'j„ (t) + ó\1„ (-t) + .. . (22) 

4~.t C.t) = ó~, ( t ) ~ .s ~~. (ł) •... (23) . 

Substitution from equations (18 ) to (23 ) i n the f ive mode l equations (7) , (1 2) , 
(13 ) , (14 ) , and (17 ) and negl ect of the perturbati ons hig~er than the f i rst in 

equations (19) to (23 ) gives us a set of five l inear equat ions which consti tute 
the linearised version of the physically based model bei ng studi ed . Thus t he 
conti nui ty equation represented by equation (7) becomes : 

d.. 
~ [ JS U> ) r ó Q„ Ct) - c:S'Q, l -t: ) (24) 
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and the dynamie equation represented by equation (12) becomes 

Ó~&(t) - J~„(t)::. - 'b 0 ·L · Ób(t) (25) 

Since the perturbations are taken around the initial uniform flow Q
0

, the 

equations (13 ) , (14) and (17) can be expanded around this condition and t he 
first order approximations written as : 

Jb(!:) .: 
~1- ~~b 
- • 662„<t} -ł - J'<lA(t) 
?Q d~ 

(26) 

6b (t) :: 
d1b ~11:> 
- · JQ,(t) -+ - d~.i.(-t) 
~Q ~~ 

(27 ) 

?fs 
Jtj4(t) ... 

?ł\ 
J SCi:) = - - Joz<t) 

J'3 ~~ 
(28 ) 

w1th all the oartial derivatives evaluated at the initial condition about 
which the perturbation takes place. 

Jn order to connect the internal linear description given by eouations 
(24) to (28 ) with the kernel of the first term of the Volterra series, it is 
necessary to reduce the five equations to a relationship between the first 

order variation in the output (dQ2) and the total variation in the input 
( A 0

1
) . By subtracting equation (27) from equation (26) and substituting the 

result in equation (25) we obtain : 

d~ID d1b 
- ( t:.Q. {t) - JQ1 (t}] ·- - · 5.. ·L · ób(t) 
?Q d'a 

(29) 

9. 

which does not contain the variation in the upstream and downstream depths. 

By substituting from equations (26 ) and (27) for these variations in eąuation 

(28) we obtain 

~.fi. 

d~ 
J5(t): - ?fs ;)fi., rć.Q„(t)+ JQi(t)] 

?d ?Q 

+ ). dfs Jb(-t) 

da 

( 30 ) 

The next step is to eliminate the slope vadation function db ( t l from 

equations (29 ) and (30). When t his is done we obta in an expression for t he 
first order variation in storage as function of the tota l variat ion in inflow 
and the firs t order variation in outfl ow in the followi ng form 

(~ ~) -( ! ) 
óS(t) • - ·:~• OQ Ą -+ AQ„ 

~fo Sol .... ( 31 ) 
?(l 

+ ( -1 -
l. ) dQ1J 

'dfo $„ L 
?'j 

Eauation ( 31 ) obviously corresponds to the linearised Muskingum assumption. 
Thi s correspondence is dealt with in more detail elsewhere. 1 

The simplified form of the dynamie equation given by equation (31 ) can 
for convenience be written as : 

óS(t)= C..,.c.~t'H- Cic5Q. 1 (-t) ( 32) 

l , Dooge James C.I., Strupczewski W.G. and Napiorkowski Jaros l aw J. (1980) . 
Hydrodynamic derivation of storage parameters of the Muskingrem model. 
Submitted to Journal of Hydrology. November, 1980. 
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where c
1 

and c
2 

are constants depending on the hydraulic properties of 

the channel and defined by : 

'dh 'd1"' 

( Ą_ .+ ~1~ S
0

L ) 

·-- dG ?«j 
c = - '?·h:> 

'd~ 
" ' 

?'a 

(33) 

'd·h ~f ... l. ) ( 1 -?!:1 ~Q. 

?-ł ... ·Sol Ci= -
~1t> 

?o ~'d 

(34) 

An eauation linking the input and output only car. now be obtained by eliminat­
ing the variation in channel storage between the continuity eąuation : 

d.. 

ó.* 
[JS(t)] == ~~{t)- óQ_z(t) (24) 

and the dynamie equatian in the form of equation (32) above. This elimination 

gives us : 

JQ,z(t)+ C.l· ! [ JQ„(ł)]:. 
(35) 

= AQA(ł) - C1.·~ r~Q„(t)1 

-

•' 

j 

\ 

11. 

as the input-output equation we have been seeking. Since equation (35) is 

linear with constant coefficients the solution is given by : 

JQ.t (t) = ~ ... (ł) * ~Q„ (i) (36) 

where hl (t) is the solution of the equation, 

dh• I 
h.„(~) .+ C.z · dt = cHt) - c„ J (t-) 

( 37 ) 

where ó (t) is the Dirac delta functian. This solution is easily shown to 

be : 

h.„ (ł) = ~ (A-r f!..) e)(p (-±. )-
Cz Ct c& 

~ cH-t) 
Cz. 

(38 ) 

Because of the convolution fonn of equation (36 ) , the impulse resoonse defined 

by equation (38) is obviously the kernel of t he fi rst t erm of the Vol terra series. 

4. Determination of second order kerne l. 

The kernel of the second tenn in the Volterra series representation of 
equation (2) can be similarly derived once the first order kernel is known. 

The algebra is of necessity more complex and consequently some detail is 

omitted in the followi ng discussion to avoid undue length. 

If the second order variations in storage and outflow are ta ken into 

account, the equation of continuity given by eąuation (7) becomes 

d... [ ó$(-t ) .+ dL5(t)]• ~Q ... (-ł)- dQL (-ł:) - ó2G, H ) 
clt 

(39) 
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Combin1ng this with the first order continuity equation given by equation (24) , 

we obtain for the second order continuity equation 

cl 
d.t 

[ J 1
5 (t)] = - ólQ! (ł) 

S1m11drly, we can derive the second order dynamie equation as 

( l l l o:J
1

( t ) - J ~..,(ł) =-~o L 6 b(t) 

(40 ) 

(41) 

from ecuation (12) and equation (25). The relat1onship between tne first and 

second va r iations can be determined by taking both first and second order 
te rms 1n t he expansions of b (t ) and S (t) around the initial condition. F o~ 

~ ( t ) at the uostream end of the reach we ąet : 

l A ~' 1„ t ~ • ~t• J b Ct ) = - - ( ~Q„ ) • - . - foa„) < J~„ ) 
.t ? Q' ~Q ~~ 

A i4 • ( l ~ l -ł J ?' J~„ -ł ~ ó ~ „ (t ) 
a ~ 

and for b( t ) at the downstream end 

< t - i. ~z l "' ( r t 
o b (i ) - .t ~Qt OQt) + '1· - · ~~ 

?tll> ( 6Qt) (J~ L ) 
~~ 

1 'l2 t 'J~- I df IO l. + (J'1,) -ł-- · d'f 1 {-t)+-óQi(t) 1 ~~1 ~ ~~ Q ~~ 

Si milarly we can write for the second order variation in storage 

.\'&Ct) • i ;;i: [ (c~(l . .)t-+ (JQ.)z) 

+(ii')
2 

( ,;a„) ("a~) .j. ~ [ ó~„ct> • ó'aJ.<t>J 

142 ) 

(43 ) 

(44) 

~ 

r 
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In equations (42), (43), and (44 ) , all the partial derivatives are evaluated 
at the initi al cond ition. The five equations (39) to (44 ) define the second 
order corrections to the first order solution given by use of the linear 
kernel defined by equation (38 ). 

In order to derive the second order kerne l , the same orocedure is used 
as in the derivation of the first order kernel . Equations (41 ) to (44 ) are 
quadratic in the first order variations and l inear in the second order 
variations. Once 4'Q2(t) has been determined from eouation (36 ) , then ób (t ) 

can be obtained from equation (29 ) and ó~ (t) from eouation (32 ) . The 
va lues of c,. Q1 (t ) and .! b(t) can be used in equation (26) to obtain 

6 y1 (t) and the va lues of J Q2(t ) andc!b (t ) in eouation (27) to obtain 

ó y2(t). Thus all the quadratic te rms in eouations (41 ) to (44 ) canoe 
determined and the only unknowns are the second order variations J 2

_v1, 
J 2y2, J 2b, ó 2s and J 2Q2. Since the four eouations are l inear 

in the five unknown second variations, they can be read i ly reouced as before 
to a single equati on involving only the variations in storage and outflow. 
It can be shown1 that this reduced equation is of tne form : 

t t ) t ) ó ~Ct) = Ci 6 G.1. l t ) + A 11 C1 Q. ~A ,, foQ„) (óGi 

t A11 ( óQ 1 ) t 
(45) 

where c2 has the value given by equation (34) and the other coefficients are 

also functions of t he hydraulic properties of the channel. Eouation (45 ) can 
be written as : 

J'bct> „ c~ r JG„ <t) 4 ~ co J 
(46 ) 

l. Napiorkowski , JaN:>slaw J. (1978). Identification of conceptual reservoir 
model described by Volterra seri es. (In Polish). D. Sc. Thesis. 
Inst itute of Geophysics , Polish Academy of Sciences . 
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where g(t) is known from the first order solution and is of the form 
indicated by equation (45). The combinat ion of equation (40) and equation 
(46) allows to eliminate ó 2S(t) and write : 

- .S'QCi:) s C.z. .ft [ JlQt(t ) + O (~)J 

Eouation (47 ) has the solution 

l \ ( 't-) J QCt) 2 
- <a (t) il- e.,.p - Ę'" 

wn1ch can be written alternatively as 

ótQ(t)= ..!... q(t) il'V<o(-.:! )- q(t) 
C.z () I Cz. (J 

in wh1ch form the taking of derivatives is avoided. 

Since the function g(t) is given by 

~ (t) = 
t ~ (6Q„) + 

C.z 
~ (e.Q.)(óG,)+ ~u (JQ,_)t 
CL t 

(47) 

(48a ) 

(48b) 

( 49 ) 

, 

15. 

the convolution in equation (48) will involve three separate integrals . It 

can be shown1 that g(t) can be expressed as : 

l l 
~(t) 2 oL„ [.f(t)) -ł-ol.z f(t) • ćQA(t)..f. ol~f.óQ.,.(t)] 

(50 ) 

where f(t) is the function 

-Jlt) c e)(p ( - ~ ) ~ .ć.Q" Cł) ( 51 ) 

The evaluation of each of the integrals gives rise to a part of the quadratic 

kernel defined by : 

l t J Q1(i:)= h,(t.,łz.) il' „(će(~ ) 

( 52 ) 

•11hich can consequently be written as 

hi (-t„)t,)= k„ (-t„)t&. )+ k1 (-t....)t,) „ k'~ (t„,-t,) ( 53 ) 

where each term on the right hand side arises from a separate integral. 

Napiorkowski 1 has shown that the result of the integrations are : 

1. Napiorkowski, Jaroslow J . (1978). Identification of conceptual reservoir 
model described by Volterra seri es. (In Polish). O. Sc. Thesis. 
Institute of Geophysics, Polish Academy of Sciences. 
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L<:1(t„>i,)= :;,~F~z~(-t.,t,)}- '~/ ey;p (- i; )c5(t1) 

- ~ e.)Cp (- ~~) ó(t„) 

~~ (t.,tz ) = J.~: [ -.f (- ~) + ~p(-!:)JJCt1-t„) 

- ..t> ó(t„) J(-t&) 
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{ 54a ) 

(54b) 

(54c ) 

! ne substitution of these values from eouation (54 ) into equation 153 ) aives 
:ne complete auadratic kernel to be used in eauation (52 ) to determine tne 

second oroer correction to the est imated outout. 
-

:i. Results for a wide rectangular channel. 

-he results obtained above will be illustrated for the simole case of 

a wide rectangular channel with Manning friction. In this case eauati on (11) 

will take the form : 

f 
Q(i)]' 

bH)= Q:- f 
~· 1 "; 
a<t )J ' 55 ) 

For a rectangular channel equation (17) will take the form 

5(~)= ""i- r ~ ... <t) + 0Jct)J (56) 

where W is the width of the channel and L is its lenoth. The simple form of 

equat ion (56) is true only for a rectangular channel. For the fllOre qeneral case 

17. 

of 
.... 

A • 1<· ~ 
(57) 

it can be readily shown by means of equation (16) that 

fW.•4 ...... „ 

6(t) =-
I« L.. -M•1.. 

( 'Jl 
(58) 

- {J„ ) a„ - ~„ 

The relationship between the first order varJations can oe written as 

k L.. 

ó~T"' [ J-u1 (t) „ ó~ „ C.t) J 
(59 ) 

which is equivalent to : 

c§~t)=~ [ ÓA~(t) + ÓA-.(t)] 
(60) 

For our special case of a rectangular channel both equation (56) and equation 

(60) give : 

Ó!>(t) • ""
1

1.. [ J~& (t) + ~~Ci)] 
( 61 ) 

For other shapes equation (59) or equation (60) should be used. 

For a wide rectangular channel with Manning friction the value of c1 in 

equation (33) will be given by : 

cl\::- o.~ ~· · L.. 
Qo 

( -i - o. 6 ....Ł. ) 
~L 

(62) 



and the value of Cz in equation (34) by 

C.t == O. ~ 
~- ) w ·~ (-1 +- o. 6 5:1:" 

Go 
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(63) 

Subst1tution of these values for c1 and Cz in eouation (38\ determines the 

fir st order kernel co~oletely. 

:n tne case of the auadratic kernel , the procedure is the same out of 

necessity more complex. The values of A11 , ĄlZ and Azz in eauat1on (45 ) are 
1etermined from the properties of the Channel. The va1ues of °'- 1, ,,(, z 
and 0<'.

3 
in eouation (SO) can then oe detennined from the Known values of 

~ 1 • :Z' ~11 , A
1
z and Azz· All of the constants required for the comoutation of 

the quadratic kernel in accordance with eouation (54 ) are then ~vailable. 

A ~umerica1 exoeriment was run to illustrate the effect of takina the 

second order effect i nto account. The channel is taken as rectangular, 100 m 

in widtn, with a bottom slope of S
0 

c O.OOOZ48 and Manning rouanness 
Jf n • O.OZS. The length of reach was taken as 50 k~. For the comoutation 
snown, the initial steady flow was taken as 200 m3/ S and the uostream inflow, 

relative to this, as : 

.bQ„(i ) • 
„ 
c~ 

e.lCp (-i;). T 

„ z 3 • 
with c1 = 90.78 sec. /m and c2 = 49354 seconds. 

(60) 

Figure 1. and Table A show the results for the prediction of the peak 
flow and the time to oeak, for (a) the simplified model used in this oaper, 

(b) the first ' order aporoximation, and (c) the second order approximation. 

19. 

TABLE A 

HYDROGRAPH PEAK FLO\ol TIME TO PEAK 

m3/s seconds 

I 

!NFLOW 400.00 

I 
49,354 

OUTFLOW (a) 393.3Z I 74,880 

OUTFLUW (b) 391 .84 I 80,640 

OUTFLOW (c) 395.97 7Z,840 

OUTFLOW FOR COMPLETE . 
ST . VENANT EQUATIONS 395 .53 - 74,400 

lt is elear from Table A and the figure that the effect of includin9 the 
second term in the Volterra series is to increase t he estimated oea ~ flo~ 

and to decrease the time to peak. It is seen that tne Z - term aooroxi~ation 
gives a peak in the example of 395.97 m3/ s compared with a peak of 

393.32 m3/s for an accurate numerical solution based on the simoli fi ed 
distributed model . In fact the 2 - tenn approximation is remarkabl y close to 
the numerical result for the complete St. Venant equations whicn predicts a 
peak of 395.53 m3;s. 
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